A codimension-three bifurcation, characterized by a pair of purely imaginary eigenvalues and a nonsemisimple double zero eigenvalue, arises in the study of a pair of weakly coupled nonlinear oscillators with Z 2 Z 2 symmetry. The methodology is based on Arnold's ideas of versal deformations of matrices for the linear analysis, and Poincar e normal forms for the nonlinear analysis of the system. Bifurcation submanifolds of codimension one and two are identied in the parameter space. Many dierent classes of solutions are determined in the state space, including equilibria, limit cycles, invariant tori and the possibility of homoclinic chaos. As an application, a mechanism for energy transfer between two widely-spaced oscillation modes without strong resonance is identied.
Introduction
This study is motivated by a pair of weakly-coupled nonlinear oscillators, modeled by second-order dierential equations of the general form Here f 1 and f 2 are holomorphic functions of the state variables x; _ x;y; _ y and parameters 2 R k . These functions are \higher order" in the sense that they contain only quadratic and higher order terms in these variables, and f j (0; 0; 0; 0; ) 0 ; j = 1 ; 2. The variables and parameters are all assumed to be small. The parameters represent p h ysically relevant coecients such a s damping, detuning and the coupling between the oscillators; the role of these parameters will be claried further below. In (1), the natural frequencies of the two oscillators, when linearized at (x; _ x;y; _ y) = (0; 0; 0; 0), are given by ! 1;2 0. Systems of the form (1) occur frequently in the study of mechanical systems, electrical circuits, the biological sciences and elsewhere. A major concern in the study of coupled oscillators is the understanding and control of resonance phenomena. V.I. Arnold has made inuential contributions to the general theory of resonances, for example [2, 5, 6] . The ratio of the natural frequencies plays a leading role in determining resonances in the system (1) at all, in the other cases. This may be explained by the fact that in the Poincar e normal form corresponding to these coupled oscillator equations, terms of degree p+q in the state variables appear. These are called resonant terms. Locally, these terms have a strong inuence when p + q is small and their inuence decreases as p + q increases. This paper addresses the case of coupled oscillators (1) with natural frequencies which are widely separated; we assume ! 1 very small and ! 2 very large, relative to each other. On the basis of the above classication, this would not be considered a case of strong resonance. To x magnitudes, rescale time in (1) so that ! 2 = 1 . Then our assumption is ! 1 ! 0. Equivalently, w e consider natural frequencies at or near the ratio ! 1 ! 2 = 0 1 . Therefore, we may refer to this as the case of 0 : 1 resonance.
In a series of papers [28, 29, 30 ], Nayfeh and coworkers have i n v estigated a system of two w eakly coupled oscillators with widely separated frequencies similar to (1) , experimentally and analytically. They point out an interesting paradox. In both mechanical experiments and a mathematical model, when the system is excited near a high natural frequency, large low-frequency responses accompanied by slow modulations of the amplitude and phase of the high-frequency mode are observed. Thus, they found that there is a strong interaction between these two modes, and a transfer of energy from high to low frequency modes, even though by the above classication it is not a case of strong resonance.
In this paper, system (1) is viewed as a perturbation of a singular system with a bifurcation of codimension three. The low frequency mode, in the limit ! 1 ! 0, is a Bogdanov-Takens bifurcation [8, 31] . This bifurcation has codimension two. The high frequency mode is close to a classical AndronovHopf bifurcation [1, 13] which has codimension one. We verify that the combined singular system has codimension three, using the method of Arnold [3] , and then investigate via Poincar e normal forms the interactions of these two classical bifurcations.
Cases of bifurcations involving a simple zero eigenvalue with a pair of purely imaginary eigenvalues (and no other eigenvalues with zero real part) have been studied by Arnold [5] , Langford [19, 20] , Guckenheimer and Holmes [14] , Khazin and Shnol [18] , Chow et al. [10] and others cited in these references. Less is known about the case of a nonsemisimple double zero eigenvalue together with an imaginary pair. Pioneering analytical results and applications have been presented by Moson [25, 26] , Yu and Huseyin [33] , Geogiou et al. [11] , Nagata and Namachchivaya [27] , and Nayfeh et al. [28, 29, 30] .
To x ideas, throughout this paper it is assumed that each of the oscillators in (1) has an oddreectional symmetry about the rest position. We extend this symmetry to the coupled system by assuming that the system commutes with the Z 2 Z 2 symmetry group generated by two reection operators f 1 ( x; _ x;y; _ y) = f 1 (x; _ x;y; _ y) f 2 ( x; _ x;y; _ y) = f 2 (x; _ x; y; _ y) f 1 (x; _ x; y; _ y) = f 1 (x; _ x; y; _ y) f 2 (x; _ x; y; _ y) = f 2 (x; _ x; y; _ y) : (2) This symmetry is very common in applications; for example, the classical pendulum equation is a small parameter which is now allowed to be negative or zero; therefore it is better though of as representing a restoring force rather than a frequency ratio. In the engineering literature, a change in sign of from positive to negative is associated with a transition from \utter" to \divergence". These three parameters are assumed to be small, and they represent all possible linear coecients in the system consistent with the symmetries (2), after rescaling.
(Recall that t has been rescaled so that ! 2 = 1). Since the functionsf j commute with the two reection operators (2), they are cubic or higher order in the state variables.
With the denition 0 B B @ and natural frequency ! 1 0, and the other with coordinates (y;_ y) and natural frequency ! 2 = 1 . However, the results of this paper apply more generally than this. Consider any parametrized two degree-of-freedom system, which may h a v e coecient matrix far from A 0 ; but suppose that, for some value of the parameters, the linearization at an equilibrium has eigenvalues f0 2 ; ig (after rescaling time). Then the linear part can betransformed to A 0 by a linear change of coordinates (similarity transformation), which may be far from the identity. In this case, the state variables in (4) are the normal mode coordinates of the original system, and the symmetries (2) are symmetries of the normal modes. The state variables in this paper should beunderstood in that light.
Even more generally, the results of this paper apply to systems of ordinary dierential equations of dimension higher than four, and to classes of innite dimensional partial dierential equations or functional dierential equations, satisfying appropriate spectral conditions. If the linearization at an equilibrium solution satises standard compactness and hyperbolicity assumptions on the linear operator and its spectrum, then the Center Manifold Theorem applies. In this case, if the spectrum contains the eigenvalues f0 2 ; ig, and the complementary spectrum is bounded away from the imaginary axis in the left half-plane, then the study of long-time dynamics of the full system reduces to the four dimensional system considered here. Such higher dimensional generalizations will not be pursued further here.
The paper is organized as follows. In the next section, a versal deformation of the linear part of the singular vector eld is obtained, using ideas of Arnold, and the codimension is computed to be three. Section 3 presents the Poincar e normal form for this system. The original four-dimensional system is reduced to a three-dimensional one, exploiting the S 1 normal form symmetry arising from the Andronov{Hopf bifurcation. In Section 4, the generic bifurcations of codimension one and two are explored. A rich v ariety of solutions, including stationary, periodic and quasiperiodic (tori) are found. We present formulas for primary and secondary bifurcations of periodic solutions and tori, with the help of normal forms. In Section 5, the relevance of these results to the energy-transfer phenomenon of Nayfeh is considered, and directions of further research are indicated.
Linear Analysis
Denitions. Let C n 2 denote the set of all nn complex matrices. A family A of matrices on the base M is a holomorphic mapping A : M ! C n 2 , where M is a neighbourhood of the origin in the parameter space C k . For brevity, we call this the family A. The germ of a family A at the point 0 2 M is called a deformation of the matrix A(0). The elements 2 M are called parameters.
An example of a family of real matrices is given by A 0 +C() in equation (4) and a complex family is given by the linear part of (7). The algebra is simpler if we w ork with complex matrices. The real Jordan matrix A 0 of (4) has the complex Jordan form (8) Two main questions are addressed in this section. The rst question is how to nd a canonical matrix, which is as simple as possible, and to which the linear part of all coupled-oscillator systems as described in Section 1 can bereduced by a linear change of coordinates. An obvious candidate is the Jordan form; however, this is not a goodchoice because the reduction of a matrix to its Jordan form is not a stable operation when there are multiple eigenvalues, as is the case here. Although every member of a family containing A c may bereduced to a Jordan form, the Jordan form does not in general depend continuously on the parameters, since there are matrices arbitrarily close to A c for which the Jordan form is diagonal. The mapping which transforms matrices to Jordan form is discontinous. Therefore, we seek a dierent normal form, to which members of any family containing A c may b e transformed smoothly.
The second question relates to the choice of parameters 2 M . What is the minimum set of parameters needed, and how can we know i f a n y essential parameters are missing? In particular, are there systems with linear parts close to A 0 which are not attainable by v ariations of the physical parameters in the given perturbation matrix C() in (4)? If we have in fact overlooked some essential parameters, then any study of the system in Section 1 is likely to miss important phenomena. We w ould like t o h a v e assurance that the parameter set in our family of matrices is suciently rich that all perturbations of A 0 are included, and that there are no redundant parameters.
Both of these questions were answered by Arnold [3, 4, 5] , who introduced a generalization of the Jordan form of a matrix A, with the minimum number of essential parameters, and to which all members of any family of A can be transformed smoothly. This generalization of the Jordan normal form may be called the Arnold normal form of a matrix. The remainder of this section summarizes Arnold's construction of this normal form and shows how it answers the two questions above.
The reduction to Jordan form of any matrix A is accomplished by a similarity transformation. Consider the Lie group GL(n; C ) of all nonsingular matrices S 2 C n 2 . Then the group of similarity transformations on C n 2 is dened by the elements Ad S (A) S A S 1 ; A2C n 2 ;S2GL(n; C ) : (9) The group orbit of a given A is O(A) = Ad S (A) = S A S 1 jS2GL(n; C ) (10) and this is a smooth submanifold of C n 2 . The orbit of A thus consists of all matrices similar to A. It is well known that similar matrices share the (12). Among all such versal deformations, it has the minimum numberof parameters.
Finally, w e recall that our matrix is the linear part of a dierential equation, in which a rescaling of time has the eect of multiplying the matrix by a positive real number. We c hoose to rescale time to keep the imaginary part of the complex eigenvalue equal to i. This has the eect of making 4 where represents higher order terms. Since this mapping is invertible at the origin, we have proven that the original family in (4), obtained via physical arguments, in fact yields a v ersal deformation.
The 3-parameter family of matrices (18) is the appropriate starting point for study of the phenomena associated with coupled oscillators near 0 : 1 resonance. As observed by Arnold in [5, page 221]:
. . . Then the natural object of study is not the individual object (say, a v ector eld with a complicated singular point), but a family so large that the singularity of the type under consideration does not disappear under a small deformation of the family. This simple argument of Poincar e shows the futility of such a large number of studies in the theory of dierential equations and in other areas of analysis that it is always somewhat dangerous to mention it.
Poincar e Normal Form
The Poincar e normal form may be thought of as an extension of the ideas of the previous section from the linear case to the case of nonlinear vector elds. Arnold gives an excellent account of the theory and computation of the Poincar e normal form in [5] . Other useful references are [7, 9 , 1 0 , 14, 15, 17, 18, 23, 32] .
The basic idea of Poincar e is to to perform a sequence of near-identity transformations of the form x = y + h k (y); k = 2 ; 3 ; : : : (20) where h k is a homogeneous polynomial of degree k. For each k, h k is chosen to eliminate as many as possible of the terms of degree k in the vector eld.
Terms which remain lie in a complement to the tangent space, at the identity, of the manifold of group orbits corresponding to (20) ; just as in the linear case of Section 2. The Poincar e normal form is not unique, since it depends on this choice of complement. Furthermore, the resulting power series does not converge in general; nor does the sequence of near-identity transformations (20) converge. This lack of convergence is often not a problem, since in many cases the phenomena of interest are determined by a nite truncation of the Poincar e normal form, of low degree.
For the system of dierential equations of interest in this paper as given by (7), the Poincar e normal form can be chosen to have a normal form symmetry [15] Note that does not appear in the right hand sides of equations (23), so the _ -equation is decoupled from the other three. This is due to the S 1 symmetry of the normal form, induced by the Andronov{Hopf bifurcation H 1 , and it eectively reduces the problem from four dimensions to three.
Given a solution (y 1 (t); y 2 ( t ) ; r ( t )) of the rst three equations of (23) . The equation has been omitted in (24) , but has a similar expansion. The system (24) is explored in the next section.
As has been shown in [20, 21] , in special cases the higher order \tail" of the normal form can dramatically change the dynamics from the behaviour of a truncated normal form such as (24) , since the tail breaks the normal form symmetry which led to the decoupling of the _ equation. For example, when (24) has homoclinic or heteroclinic orbits, then the tail eects can produce homoclinic tangles, \horseshoes" and chaotic dynamics. These considerations will not be pursued in this paper.
Bifurcations of Codimension One and Two
The collection of all possible phase portraits of this system near the codimension three bifurcation point, or even of all the equivalence classes with respect to topological equivalence, is too large to list here. However, the stratied subvariety [5, These bifurcations from the trivial equilibrium solution are called primary bifurcations. There are seven possibilities, see Figure 1 : a point may leave by crossing through one of the three coordinate planes (codimension one), through one of the three coordinate axes (codimension two) or through the origin (codimension three). A generic exit is through a plane, codimension one. However, interesting and important mode-interactions occur around the intersections of the planes. These are best understood by studying the codimension two bifurcations on the coordinate axes. All six of these codimension one and two bifurcations have been studied in general, and are well understood. Their manifestations in the present system are described in the following subsections.
Primary Bifurcations of Codimension One
The three primary bifurcations of codimension one are: an Andronov{Hopf bifurcation with frequency of order O(1) which we label H 1 , an Andronov{ Hopf bifurcation with small frequency O(j 1 j), labeled H 0 , and a pitchfork bifurcation labeled P; see Figure 1 (27) This is a classical Andronov{Hopf bifurcation, giving birth to a limit cycle in the (y 3 ; y 4 ){plane with period near 2 (angular frequency 1) as the parameter 3 crosses through 0, provided 1;2 6 = 0. Generically 301 6 = 0 and the bifurcation is nondegenerate, which is assumed to be the case in this paper; then the limit cycle is locally unique. Degenerate cases of Hopf bifurcation are explored in detail in [13] . If 301 < 0, then the bifurcation is supercritical (the limit cycle exits for > 0) and if 301 > 0 the bifurcation is subcritical (exists for < 0). A supercritical limit cycle is stable if 1;2 < 0, otherwise the cycle is unstable.
Pitchfork Bifurcation P
Any equilibrium solution of (22) 
Primary Bifurcations of Codimension Two
The Poincar e normal form (22) has three bifurcations of codimension two from the trivial solution in state space. In the parameter space they occur along the three coordinate axes, see Figure 1 .
Bogdanov{Takens Bifurcation BT
As observed for equation (29) , the (y 1 ; y 2 ){plane is invariant for the ow of the normal form. On this plane, for 3 6 = 0 and ( 1 ; 2 ) in a neighbourhood of (0; 0), the system has a Z 2 {symmetric Bogdanov{Takens bifurcation [8, 31] , see line BT in Figure 1 . It yields stable solutions only if 3 < 0. In addition to the codimension one primary bifurcations P and H 0 described above, there are rich possibilities including simultaneous secondary Andronov{Hopf bifurcations from the pitchfork pair of equilibria, coalescence of two limit cycles, orbits homoclinic to the origin and heteroclinic orbits joining the two pitchfork equilibria. A detailed description of the versal deformations, bifurcation diagrams and phase portraits is given by Arnold [5, page 300], and need not berepeated here.
New possibilities arise in this system via the interaction of the Bogdanov{ Takens bifurcation with the primary Andronov{Hopf bifurcation H 1 , leading t o a o w in a phase space which is essentially R 2 S 1 . The simple homoclinic orbits of the planar Bogdanov{Takens bifurcation then lead to transversally intersecting two-dimensional stable and unstable manifolds of periodic orbits and thus to chaotic dynamics, as for example in [14, 23, 32] . These phenomena merit further investigation.
Pitchfork{Hopf Mode Interaction PH
In a neighbourhood of the 2 {axis for 2 6 = 0, the normal form (22) has a pitchfork-Hopf mode interaction, see PH in Figure 1 . On the 2 {axis, the system has a simple zero eigenvalue, with a Z 2 {symmetry on the corresponding eigenspace y 1 , and a pair of purely imaginary eigenvalues i.
Near ( 1 ; 3 ) = ( 0 ; 0) with 2 < 0, one nds the expected pitchfork and Hopf primary bifurcations P and H 1 , and additional mixed-mode solutions due to the nonlinear coupling of these primary bifurcations. A complete classication of nondegenerate pitchfork{Hopf mode interactions is given in [22] . To investigate these here, in (23) Note that the nonzero quantities on the right must bepositive for the solutions to be real. The rst three of these solutions are the previously identied trivial, primary P and primary H 1 solutions. The fourth is a mixed-mode solution, which links the P and H 1 solutions, at the two ends of its interval of (real) existence, in secondary bifurcations. Due to symmetry, the primary bifurcations have two symmetric branches y 1 ; r, and the secondary bifurcations would seem to have four branches; however, in the full dynamics the solutions with r give the same periodic orbit with a phase shift. The secondary bifurcation from P is an Andronov{Hopf bifurcation, while the secondary bifurcation from H 1 is a pitchfork bifurcation of two new limit cycles. While all of the above results were deduced using only the cubic truncation (32), they extend by standard arguments to the full equations, using assumptions (33), the Implicit Function Theorem and transversality. When 110 301 < 0 and higher order terms are included, it is possible to show that the phase portraits may include also a ow on a two-dimensional invariant torus with a small second frequency. The eects of the symmetry{breaking normal form tail may then lead to chaos, see [14, 16, 19, 20, 21] Hopf-Hopf mode interactions is given in [14] . In certain cases, there is a further possibility o f a stable 3-torus bifurcation from the 2-torus, and even of chaotic dynamics [16] . This analysis requires consideration of higher order terms.
Conclusions
We may draw several conclusions from this study.
The rst important conclusion is that the simultaneous occurrence of Andronov{Hopf and Bogdanov{Takens bifurcations is a codimension-three phenomenon, requiring three independent parameters for its exploration and understanding. The three parameters in Arnold's versal deformation may be chosen so that they directly determine the three primary bifurcations of codimension one: 1 determines the primary pitchfork bifurcation, 2 determines the primary Hopf bifurcation with low frequency (of order p 1 ) and 3 determines the primary Hopf bifurcation with high frequency (of order 1). These three versal unfolding parameters are related to the physical parameters of the coupled oscillators by formulae (19) .
In the versal deformation of the original codimension three bifurcation, there are primary bifurcations of six dierent t ypes; three of codimension one and three of codimension two, all of which are understood. The codimension two bifurcations lead to secondary bifurcations, and produce new families of solutions which are linkages between primary bifurcation families.
The double zero eigenvalue may lead to a pitchfork bifurcation or a Hopf bifurcation of low frequency, and may lead to simultaneous existence of both nontrivial equilibria and low-frequency limit cycles, as in the standard Bogdanov{Takens analysis. When coupled with the primary Andronov{Hopf bifurcation H 1 , it may yield homoclinic chaos [32] .
The nonlinear coupling between the primary high frequency and low frequency Andronov{Hopf bifurcations can lead to a quasiperiodic ow on a 2-torus, with its two frequencies close to those of the two primary Andronov{ Hopf bifurcations. This gives a plausible explanation for the observations of Nayfeh et al. [28, 29, 30] , of low frequency modulation of a high frequency mode, and of energy transfer from high to low frequency modes, near 0 : 1 resonance. The case studied by Nayfeh corresponds to a c hoice of unfolding parameters 1 < 0 (xed) and 2 ; 3 both small and negative; i.e., near the negative 1 axis marked HH in Figure 1 . This is the location where birth of a 2-torus is expected, from the normal form analysis. A more detailed investigation of this particular application, using both analytical and numerical techniques, is in progress.
The present study provides indications of other directions for future research. Systems of coupled oscillators with less symmetry than required by (2) also are important in applications, and may b e i n v estigated by these same normal form methods. The eect of higher order terms, particularly in the onset of more complex dynamics, is worthy of investigation. As well, the application of these results to concrete systems in mechanical or electrical engineering, and other elds, may lead to new insights. 
